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Abstract. We give a partial solution a question of Grigorchuk, Nekra- 
shevych, Sushchanskii and Sunik by giving an algorithm to test whether 
a finite state element of an infinite iterated (permutational) wreath prod- 
uct G — Z / kZlZ I kZlZ I kZl- ■ ■ of cyclic groups of order n acts spherically 
transitively. We can also decide whether two finite state spherically tran- 
sitive elements of G are conjugate. For general infinite iterated wreath 
products, an algorithm is presented to determine whether two finite state 
automorphisms have the same image in the abelianization. 



1. Introduction and main results 

The purpose of this note is to offer a partial solution to a question of 
Grigorchuk, Nekrashevych, Sushchanskii and Sunik [3J E]- Let T k be the 
rooted regular fc-ary tree. We view it as the Cayley graph of the free 
monoid At, where A k = {0, . . . , k — 1} is the standard alphabet of size 
k. In particular, we identify vertices with words. It is well known that 
Aut(Tfc) is a profinite group. In fact, there is a permutational wreath prod- 
uct decomposition (Aut(T k ),T k ) = (S k ,A k ) I (Ant(T k ),T k ) [HUE]. Thus 
Aut(T fc ) = (S k ,A k ) l (S k ,A k ) For more on this group see [TJ H H El 13 ■ 
An element / € Aut(T^) is said to be spherically transitive if, for each n, 
(/) acts transitively on the set of vertices at distance n from the root, i.e. 
transitively on the set of words of length n ^ [H |IJ El U\ ■ This is equiva- 
lent to topological transitivity and ergodicity of the action on the boundary 

on m. 

If / € Aut(Tfc) has wreath product decomposition A/(/o, . • • , /fc-i), then 
fi is called the section of / at i € A k . We shall use the notation Ay through- 
out for the element of S k associated to /. One can the define inductively, for 
any word w £ A* k , the section f w by the formula f ua = (f u )a where a G A k 
and u € A* k . Of course, f £ = f, where e is the empty word. One then 
has the formula f(uw) = f(u)f u (w) for any words u, w £ A k . An element 
/ € Aut(Tfc) is said to be finite state if it has only finitely many distinct 
sections. This is the same as saying that / can be computed by a finite state 
automaton. 
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A finite state automaton over an alphabet A is a 4-tuple A = (Q, A, 5, A) 
where Q is a finite set of states, 5 : Q x A — > A is the transition function and 
A : Q x yl — > A is the output function. We set g a = <5(g, a) and g(o) = A(g, a) 
for g G Q, a G A. We extend this to words by the formulas: 

Qau = (q a )u (1) 
q(au) = q(a)q a (u) (2) 

So each state g G A gives rise to a function, via ©, from ^4* — > A* (in fact 
an endomorphism of the rooted Cayley tree of A*), also denoted by g. An 
automaton with a distinguished state is called an initial automaton. 

Automata are usually represented by Moore diagrams. The Moore di- 
agram for A is a directed graph with vertex set Q. The edges are of the 

form q ^— » q a . Figure Q gives the Moore diagram for a certain two-state 
automaton studied by Grigorchuk and Zuk 

1 I 1 




I 1 



Figure 1. Moore diagram for the lamplighter automaton 

It is sometimes convenient to define, for q G Q, the state function \ q : 
A — > A given by 

= <?(a) = X(q,a) 

If, for each q G Q, the state function \ q is a permutation, that is belongs to 
Sa, then one can easily verify that each state q computes a permutation of 
A* |3J[7]. We call such an automaton invertible. In particular, if the alphabet 
of the invertible automaton is A^ and q is a state, then the function q belongs 
to Aut(Tfc) = Sk I Aut(Tjfc). The wreath product coordinates of q are: 

q = \ q (qo,...,qk-i) (3) 

and so our two uses of the notations \ q and qi are consistent. For instance, 
the automaton from Figure ^ is described in wreath product coordinates by 
a = (a, 6), b = (01)(a, b). More generally, if w G A* k , then the section of q 
at w is exactly the state q w and in particular the transformation q is finite 
state. One can show [1J Ej that the inverse of q is given by the finite state 
automaton obtained by switching the two sides of the labels of the Moore 
diagram and choosing as the initial state the state corresponding to q. If A 
is an invertible automaton, then G(A) denotes the group generated by the 



TESTING SPHERICAL TRANSITIVITY IN ITERATED WREATH PRODUCTS 3 



states of A. Such groups are called automaton groups and constitute the 
main examples of finitely generated self-similar groups . For instance the 
group generated by the states of the automaton in Figure^is the lamplighter 
group © Z Z/2Z x Z [U El HOI 

If / G Aut(Tfc) is finite state, then it can be computed by the initial 
automaton whose state set is Q = {f w \ w G A*} (note: this set is finite by 
assumption). The transition and output functions are given by 5(f w ,a) = 
f wa and X(f w ,a) = f w (a). The initial state is f e = f. We remark that the 
composition of finite state transformations is also finite state [HJ IU E] and 
so the collection of invertible finite state maps is a subgroup of Aut(T k ). 

If H is a profinite group, we denote by [H, H] the closure of the commu- 
tator subgroup of H. The abelianization H/[H,H] of H shall be denoted 
H ab and is again a profinite group. Let (G, A k ) be a transitive permutation 
group. Then the infinite permutational wreath product 

G = l°°(G,A k ) = (G,A k )l(G,A k )}--- (4) 

is a closed subgroup of Aut(Tfc). Moreover, it acts spherically transitively 
on Tfc The abelianization G is well known to be isomorphic to the 
infinite direct product G ah x G ab x • • • [2j Chapter 4, Proposition 4.3]. To 
describe the map, we think about G ab in a different way. Since G ab is a finite 
abelian group, it is a finite direct product of cyclic groups of prime power 
order in a unique way. Hence we can view it as the additive group of a finite 
commutative ring via this decomposition. In particular, if G ab is cyclic of 
prime order p, we view it as the additive group of the field of p elements. We 
can then identify G ab with the additive group of the ring of formal power 
series G ab {{t)) over G ab in a single variable t. If s G G ab ((t)), we use the 
notation (s, t n ) to denote the coefficient of t n in s. The abelianization map, 
with this notation, is given by 

(g[G,G],t n }= KJG,G] (5) 

\w\=n 

The importance of the abelianization map is reflected in the following the- 
orem [2J Chapter 4, Propositions (4.6) and (4.7)]. 

Theorem 1 ( 2 ). Let G = l°°(Z/kZ, A k ). Then: 

(1) an element g £ G is spherically transitive if and only if its abelian- 
ization g[G, G] G Z/fcZ((t)) satisfies (g[G,G],t n ) G Z/kZ x , for all 
n > 0; 

(2) two spherically transitive elements f,g G G are conjugate if and only 
if they have the same image in G ab = Z/fcZ ((£)). 

We sketch a proof of the first part of the theorem. The proof goes by 
induction on the levels of the tree and we merely illustrate how the inductive 
step works. The key point is that (g) acts transitively on A^ if and only if 
it acts transitively on and, for each word u G A^ -1 , the stabilizer of u 
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acts transitively on uAf-- Now if we assume that g acts as a k n ~ -cycle a on 
A^ 1 , then g k " generates the stabilizer of every word in A?~ . Using the 
iterated wreath product decomposition, we can write g = cr(g Wl , . . . ,g Wk n) 
where A 1 ^ = {w\, . . . ,Wk™}- A straightforward calculation then shows that 
g kn 1 = (hi,...,hkn) where hi = g Wi ^g Wi _ 2 ■ ■ ■ g Wl 9w kn gw k n_ 1 • • • g Wi - In 
particular, X^. = ^2\ w \ =n X gw = (g[G,G],t n ), for all i. It follows that g k " 

acts transitively on uA k for all u G A^T 1 if and only if (g[G, G],t n ) G Z/kZ x . 

Let us return to the setting where (G,Ak) is a transitive permutation 
group and let G be as in (J3J). It is easy to see from © that if A = (Q, A^, 5, A) 
is a finite state automaton, then G(A) < G if and only if X q € G for all q G Q. 

We are now in a position to present our results. Our first result provides 
a partial solution to a problem of Grigorchuk, Nekrashevych, Sushchanskii 
and Sunik from [1] and jSJ. 

Theorem 2. Let g G ;°°(Z//cZ, ^4^) 6e a finite state transformation, given by 
a finite state initial automaton. Then it is decidable whether f is spherically 
transitive. 

Our second theorem concerns conjugacy of finite state elements. 

Theorem 3. Let f,g £ G = i°°(Z/A;Z, A^) be finite state transformations, 
given by finite state initial automata. Then it is decidable whether f and g 
are conjugate in G. 

Theorem |31 can be deduced from Theorem ^ and our next theorem. 

Theorem 4. Let (G,Ak) be a transitive permutation group and let G = 
l°°(G, Ak). Let f,g G G be finite state transformations, given by finite state 
initial automata. Then it is decidable whether f and g are equal in G ab . 

The key idea for proving these results was inspired by Schiitzenberger's 
theory of automata and rational power series jHUHl. In fact, a biproduct of 
the proofs is: 

Theorem 5. Let (G,Ak) be a transitive permutation group and let G = 
l°°(G,Ak). Let f G G be a finite state transformation. Then f[G,G] G 
G ab ((t)) is a rational power series. 

2. Proofs of the theorems 

All the theorems rely on the following simple lemma. 

Lemma 6. Let (G,Ak) be a transitive permutation group and let G be as 
in ©. Let g G G be computed by an automaton A with state set {l,...,n} 
and initial state 1 . Let A be the incidence matrix of A and let va be the 
vector whose entries are given by {va)i = Xi[G, G], i = 1, . . . , n. Then 

oo 

g[G,G]=J2(A j v A ) 1 ti 

3=0 
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Proof. As {A 3 ) rs counts the number of paths in A of length j from r to s: 
(A>v A )i = x iJG,G] = Y \JG,G] = (g[G,G],P) 

\w\=j \w\=j 

where the last equality follows from ©. □ 

Proof of Theorem^ By Theorem it follows that g is spherically transitive 
if and only if each coefficient of g[G, G] belongs to Z/kZ x . By Lemma El we 
thus want to check whether (keeping the above notation) (A 3 va)i € Z//cZ x 
for each j > 0. Since 'Ljkll 1 has k n elements, A r vi = A s v\ for some 
< r < s < k n and so the above condition is a finite check. □ 

Proof of Theorem^ Let (G,Af.) be a transitive permutation group and 
let G be as in ijlj). Let A and B be initial automata computing / and g, 
respectively. Say that A has m states and B has n states. Let A and B 
be the respective incidence matrices of A and B. Let va and vb be the 

(A cf 

associated vectors, as per Lemma |B1 Consider the matrix M ■ 



B / 

Let {ei, . . . , e m+n ) be the standard basis of row vectors for [Q ab ^ m + n anc i 
set v = (^^j ■ Then, applying Lemma we have for j > 0: 

(ei - e m+1 )(M^) = (Aiv A )i - (B^b)i = (f[G,G\,t?) - (g[G,G],t^ 

Hence f[G, G] = g[G, G] if and only if (ei - e m+1 ){MH) = for all j > 0. 
But again, M r v = M s v some < r < s < k m+n , so we can check this. 

If G ab is a finite field, then we can do better. Indeed, since the vectors 
v, Mv, . . . , M m+n v in r L/k r L m+n must be linearly dependent, it follows that 
for some < i < m + n, M l v = cqv + c\Mv ■ ■ ■ + Ci-\M l ~ 1 v. Such a 
recursion implies that M J v is a linear combination of v, Mv, . . . , M n+m ~ 1 v 
for all j > n + m. Hence (ei — e m +i)(M- J f) = for all j > if and only if 
(ei - e m+ i)(M^) = for < j < m + n - 1. □ 

Remark 7. The proof of Theorem 0] allows for an alternative algorithm 
for testing spherical transitivity for Aut(T2). By Theorem^ g € Aut(T2) 
is spherically transitive if and only if g[Aut(T2), Aut(T2)] = X^£Lo*"> and 
all spherically transitive elements are conjugate. The so-called odometer 
a = (01)(l,a) is one such spherically transitive element and it has two 
distinct sections, that is, it can be computed by a two-state automaton. It 
follows from the proof of Theorem that if g £ Aut(T2) is computed by an 
n-state initial automaton with incidence matrix A, then one needs only to 
verify {A^va)! ^ for < j < n + 1. 

Proof of Theorem^ From LemmaElthat we have g[G, G] = ((I— At)~ 1 v a)i- 
Since 
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and the entries of the adjoint Adj(J — At) are polynomials in t, while 
det(I — At) is a polynomial in t, it follows that the entries of (/ — At) -1 
are rational power series in t. Since ((/ — At)~ 1 VA)i is a linear combination 
of entries of (I — At)^ 1 , it follows that g[G, G] is a rational pwer series. □ 
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